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Abstract. We revisit the dynamical equivalence between different representations of
vacuum modified gravity models in view of Legendre transformations. The equivalence
is discussed for both bulk and boundary space, by including in our analysis the relevant
Gibbons–Hawking terms. In the f(R) case, the Legendre transformed action coincides
with the usual Einstein frame one. We then re-express the R+ f(G) action, where G
is the Gauss–Bonnet term, as a second order theory with a new set of field variables,
four tensor fields and one scalar and study its dynamics. For completeness, we also
calculate the conformal transformation of the full Jordan frame R+ f(G) action. All
the appropriate Gibbons–Hawking terms are calculated explicitly.
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1. Introduction
From the early development of modified (higher order) gravity models [1], their
dynamical equivalence to different representations has been an issue of research and
intense debate. What the term “dynamical equivalence” means is that a particular
gravitational action can be re-expressed as a new one, with a new set of field variables,
and that there is an invertible mapping that relates the two sets of field variables, as
well as the two actions (or Lagrangians) respectively. The variational principle of the
new action will in principle require different boundary conditions and possibly different
Gibbons–Hawking terms as well. Probably the most well known example of such an
equivalence is that of the f(R) action to Brans–Dicke and Einstein–Hilbert one, the
first through the introduction of an auxiliary scalar field [2]–[7], and the second through
a conformal transformation of the metric [2, 4, 5], [8]–[12].
The motivation of re-expressing a gravitational action by introducing a new set of
field variables might be related mainly to two things. The first is mathematical simplicity
and convenience, if the new set of variables is to make the calculations one wants to
perform simpler. Furthermore, if one is able to move from a variational principle that
will lead to fourth order equations of motion to another that will lead to second order
ones, that could be a benefit, since second order equations are in principle easier to
handle as well as to interpret physically. The second possible motivation is related
to physics. One gets more intuition and understanding of a gravitational theory, by
studying its equivalence to other ones (like the equivalence between f(R) and Einstein
gravity).
From a physical point of view care must be taken in the interpretation of physical
quantities in the two different representations. The question that often arises is which
of the two representations is the physical one. For example, in the case of the conformal
equivalence between f(R) and Einstein gravity, the inclusion of matter in the action
can raise the question of along which of the two metrics (original and conformally
transformed one) do matter particles actually fall. For some interesting discussions on
the subject one can refer to Refs [13]–[24].
Given the equivalence between the bulk parts of two actions, this does not mean
that the equivalence holds for the surface parts as well. More precisely, given the
GH term of an action in one representation, then the GH term calculated using the
equivalence with the other reresentation is possible to be problematic as far as the
particular variational principle is concerned. As we will discuss later on, this is the
case for f(R) and R+ f(G) gravity, when the equivalence between the original and the
Jordan frame action is considered. As we will see, the latter equivalence breaks on the
boundary surface.
In this paper, we will focus on f(R) [25, 26, 27, 28] and R + f(G) [25, 29, 30]
models, where G is the Gauss–Bonnet (GB) term defined as [31]
G ≡ R2 − 4RαβRαβ +RαβγδRαβγδ, (1)
“f” being an in principle non linear function of its arguments. We will study the
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dynamical equivalence of above theories to other representations in vacuum, using as
our main tool the rather general approach of Legendre transformation, which for the
case of f(R) coincides with the standard procedure of introducing an auxiliary scalar
field followed by a conformal transformation, something which is not true for R+ f(G)
theories, i.e. the latter cannot be conformally transformed to a minimally coupled,
scalar-tensor frame. However, for the R + f(G) theory, we will show how using a
Legendre transformation we can re-express it as a second order theory, with a new extra
rank two tensor field. We will work at the level of the action and we will include in
our analysis the relevant Gibbons–Hawking terms [32], which are important for the
consistency of the initial value formulation of the theory. Furthermore, we will calculate
them explicitly wherever necessary.
The structure of the paper is as follows: In Section 2 we briefly describe the
approach of Legendre transforming a higher order gravitational action. In view of the
latter approach, in Section 3 we show the equivalence of the full (including the relevant
GH term) f(R) action to the Einstein–Hilbert one. We also discuss the equivalence
between the relevant GH terms. Then, in Section 5 we consider the R + f(G) action
and after calculating the GH term in the Jordan (scalar–tensor) frame, we explicitly
study the effect of conformal transformation on the full Jordan frame action. Finally,
in Section 6 we re-express the original R + f(G) action with one scalar and two extra
tensor fields present (apart from the metric), one of them though being independent,
and then discuss the classical dynamics of the system. Useful formulas and calculations
can be found in the Appendix. We will work in natural units, c = G = 1.
2. Establishing dynamical equivalence
In this section we will briefly describe the idea and motivation behind Legendre
transforming a gravitational action as a tool of moving to a new, dynamically equivalent
variational principle of second-order, first applied in Refs [33, 34].
The higher order nature of non–linear gravitational Lagrangians like the f(R) or
R+ f(G) ones, comes from the fact that they are non–linear with respect to the second
derivatives of the metric, since “f” is an in principle non–linear function with respect
to its arguments, and Rαβγδ = R
α
βγδ (g
2, (∇g)2,∇2g).
However, we can try to re–express higher order gravitational Lagrangians linearly
with respect to ∇2g, by making them linear with respect to the curvature tensors ‡
through the introduction of the appropriate “velocities” and “momenta”, in a similar
fashion to the ordinary Hamiltonian formalism. The new variational principle will then
lead to second order equations of motion for the new set of field variables.
The appropriate identification for the generalised “position” and “moment” as well
as the Legendre transformed Lagrangian will read schematically as
q ↔ gαβ, q˙i ↔
(
R,Rαβ, Rαβγδ
)
, (2)
‡ This is because curvature tensors are linear with respect to ∇2g.
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L˜(−g)−1/2 = q˙ipi −
[
q˙i(q, p)pi − (−g)−1/2L(q, p)
]
≡ q˙ipi −H(q, p), (3)
assuming the invertibility condition holds, ∂2L/(∂q˙i∂q˙j) 6= 0. Quantities entering L˜
will be in principle tensor objects. Different gravity actions give us different options in
defining generalised “velocities” and “momenta”. This will be made clear in Sections
4 and 6, where we will apply the above formalism for the case of f(R) and R + f(G)
gravity respectively.
3. Dynamical equivalence of f(R) gravity, part I
It is well known in the literature that through the introduction of an auxiliary scalar,
the f(R) action can be re-expressed as a non–minimally coupled scalar-tensor one (also
called Jordan frame action), and it is the latter that is usually conformally transformed
to the so-called Einstein frame action. In this section, we we will focus and attempt
to clarify the role of the relevant GH terms in the two representations, original and
Jordan frame one. Then, in the next subsection we will demonstrate the equivalence
of the full action (bulk and surface part) using the general approach of the Legendre
transformation. Starting from the bulk f(R) action on a manifold M ,
S =
∫
M
dnx
√−gf(R), (4)
through the introduction of an auxiliary scalar ψ, one can re-express it in a dynamically
equivalent way as
SJ =
∫
M
dnx
√−g [ΦR(g)− V (Φ)] , (5)
with Φ ≡ f ′(ψ), and V (Φ) ≡ Φf ′−1(Φ) − f (f ′−1(Φ)). For the latter we require that
f ′′(ψ) 6= 0, so we are able to solve for ψ = f ′−1(Φ). Action (5) is the so-called Jordan
frame action.
The transition to the Einstein frame action will be shown explicitly in Section 4 by
means of a Legendre transformation.
3.1. The f(R) Gibbons–Hawking term in the Jordan frame
When considering gravitational actions on manifolds with boundary Σ, the variation
gives boundary terms containing normal derivatives of the metric variation ∇(k)n δgαβ.
However, a well defined variational principle requires that only a particular set of
dynamical coordinates (gαβ and possibly its derivatives up to some order depending
on the theory) is fixed on the boundary. In order to cancel the extra, unwanted surface
terms, one needs to add a so-called Gibbons-Hawking (GH) term in the action [32]. The
appropriate modification of the Einstein-Hilbert action turns out to be
SEH =
∫
M
dnx
√−gR + 2
∫
Σ
dn−1x
√
−hK, (6)
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where h is the induced metric on the surface Σ, and K is the trace of its extrinsic
curvature. Variation of (6) is then performed keeping only the metric gαβ fixed on the
boundary.
In the original f(R) action (4) there is no natural GH term which cancels the extra
unwanted higher derivative boundary terms, except for the particular case of maximally
symmetric spacetimes [35]. However, in the Jordan frame of f(R) one can find an
appropriate Gibbons–Hawking term in full generality, and then under the assumption
that the dynamical equivalence between different representations holds on the boundary
surface, one is able to re-express it in the original f(R) representation. Let us examine
this more carefully.
First we want to find the GH term in the Jordan frame, and so we vary (5) with
respect to the bulk metric and after discarding the bulk contributions we get
δSJΣ = −
∫
Σ
dn−1x
√
−h∇ρ
(
Φ gαβδΓραβ
)
= 2
∫
Σ
dn−1x
√
−hΦδK. (7)
Therefore, the GH term that should be added in the Jordan frame action (9) is
SJΣ = −2
∫
Σ
dn−1x
√−hΦK, (8)
and variation should be performed with (δgαβ, δΦ) vanishing on Σ. After using the
correspondence between Jordan and original frame, Φ ↔ f ′(R), we find the GH term
in the original frame to be §
SJΣ = −2
∫
Σ
dn−1x
√
−hf ′(R)K. (9)
However, variation of this boundary term generates a new term
δSΣ = −2
∫
Σ
dn−1x
√
−hf ′′(R)KδR, (10)
which vanishes only by requiring that δR = 0 on the boundary. In Ref. [36] it has
been shown that the GH term (9) is necessary in order to derive the correct Wald
entropy for f(R) gravity. However, keeping R fixed on the boundary surface can be
problematic. Since R includes both the first and the second derivatives of the metric,
keeping it fixed would in principle require that the second derivatives of the metric are
held fixed too, which overconstrains the actual formulation. The only possibility that
would prevent the latter from happening would be that the condition δR = 0 is satisfied
through some special configuration of the field variations on the boundary, something
that would restrict the generality of our variational principle.
Therefore, we see that equivalence between the two representations breaks down
at the boundary, when the consistency of the variational principle is considered. This
failure indicates that the two theories cannot be truly equivalent. Furthermore, the two
theories are inequivalent at the quantum level as well; considering the path integral
§ We obtained the GH term in the original f(R) representation by substituting the equation of motion
for Φ, V ′(Φ) = R(g), into Eq. (8). This makes clear that the equivalence is demonstrably valid only
on-shell (i.e. at the level of the classical equations of motion).
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defined in the Jordan frame, the integration over Φ, will generate extra terms in
the effective action, making the latter inequivalent to the one defined in the original
representation.
4. Dynamical equivalence of f(R) gravity, part II
We now want to exploit the dynamical equivalence between the full f(R) and Einstein–
Hilbert action, using solely the Legendre transformation approach, presented in section
2, which is more general and for the f(R) case gives the same result with the conformal
transformation. This was done in Ref. [33] for the bulk Lagrangian, discarding a total
derivative. In the following we will show how to cure this by Legendre transforming the
GH term, apart from the bulk part, getting this way the correct Einstein–Hilbert GH
term as well. ‖
Let us begin with the action
S =
∫
M
dnx
√−gf(R) +
∫
Σ
dn−1x
√
−hf ′(R)K, (11)
including the GH term found in the previous section¶. As we will see below, the inclusion
of the latter is indeed a good choice. We will need separate variables for the boundary
surface, and the Legendre transfomed action will be of the form
S˜ =
∫
M
dnx
√−g (q˙BpB −HB) +
∫
Σ
dn−1x
√
−h (q˙ΣpΣ −HΣ) , (12)
with Hi ≡ Hi(q, p). Let us first naively associate for the generalised bulk velocity,
q˙ ↔ Rαβ . Then we get the bulk conjugate momentum as
pB(q, q˙)↔ g˜αβ ≡ 1√−g
∂L
∂Rαβ
= f ′(R)gαβ. (13)
We see that the definition of the conjugate momentum defines a conformal relation
between two different metrics. In fact, as we will see below, g˜αβ is the metric in the
Einstein frame. However, the correct association for q˙ is not exactly Rαβ , but R, since
relation (13) cannot be inverted for Rαβ .
We proceed by identifying
q˙B ↔ R, q˙Σ ↔ K, (14)
pB(q, q˙)↔ Φ ≡ 1√−g
∂LB
∂R(g)
= f ′(R), (15)
pΣ(q, q˙)↔ Φ ≡ 1√−h
∂LΣ
∂K(h)
= f ′(R). (16)
‖ The transition to the Einstein frame by means of a conformal transformation, including the relevant
GH terms, has been studied in Ref. [36].
¶ As it was previously discussed, the GH term (9) can be in general problematic, however it turns to
be neccessary here in order to cancel extra surface terms after Legendre transforming the action.
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Now, using the intuition gained from (13), and using (15)-(16), we define the following
relations for the bulk and surface metric respectively
g˜αβ ≡ Φ 2(2−n) gαβ and h˜αβ ≡ Φ 2(2−n)hαβ . (17)
The invertibility condition is not satisfied on the boundary Σ, since ∂2LΣ/∂K
2 = 0.
However, the surface part of L˜ can be still defined, with the only difference that the
surface Hamiltonian will vanish identically, HΣ = 0. The bulk Hamiltonian is calculated
after solving one of relations (15) for R, HB(Φ) ≡ Φf ′−1(Φ) − f(f ′−1(Φ)). Using this
together with (14)-(16), and substituting in (12) we arrive at
S˜ =
∫
M
dnx
√−g [ΦR(g)−HB(Φ)] +
∫
Σ
dn−1x
√−hΦK. (18)
For the transition to the Einstein frame we will use the general equations (A.10)
and (A.11) relating two Ricci (extrinsic curvature) tensors, evaluated for two different
metrics gαβ (hαβ) and g˜αβ (h˜αβ). Defining Φ = exp[φ] and ω(n) ≡ (n − 1)/(n − 2) we
get
S˜B = =
∫
M
dnx
√
−g˜
[
R˜(g˜)− ω(n)∂κφ∂κφ− e
n
(2−n)
φHB(φ)
]
+ 2ω(n)
∫
Σ
dn−1x
√
−h˜(∂κφ)n˜κ, (19)
S˜Σ =
∫
Σ
dn−1x
√
−h˜
[
2K˜(h˜)− 2ω(n)(∂κφ)n˜κ
]
, (20)
and after summing up we arrive at
S˜ =
∫
M
dnx
√
−g˜
[
R˜(g˜)− ω(n)∂κφ∂κφ− e
n
(2−n)
φHB(φ)
]
+ 2
∫
Σ
dn−1x
√
−h˜K˜(h˜),(21)
n˜κ denoting the normal vector to Σ. We see that we arrive at the correct, full Einstein–
Hilbert action, following a conceptually different and more fundamental procedure.
The conformal relation between the two metrics was revealed naturally through the
definitions of the conjugate momenta.
5. Dynamical equivalence of f(G) gravity, part I
In this section we will aim to express the Jordan (scalar–tensor) frame of the R+ f(G)
action as a minimally–coupled theory by means of a conformal transformation. Firstly
we will derive the GH term in the Jordan frame, and then find the appropriate one in
the original frame, as dictated by the equivalence between frames. Then, in subsection
5.2 we will continue with conformally transforming the full, Jordan R + f(G) action.
Our starting point is the R + f(G) action
S =
∫
M
dnx
√−g [αR + f(G)] , (22)
with G defined in (1) and α a dimensionless constant.
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Through the introduction of an auxiliary scalar field ψ we get the Jordan frame
action as
SJ =
∫
M
dnx
√−g [αR + ΦG− V (Φ)] , (23)
with Φ = f ′(ψ), and V (Φ) ≡ [Φf ′−1(Φ)− f (f ′−1(Φ))], assuming that f ′′(ψ) 6= 0.
.
5.1. The f(G) Gibbons–Hawking term in the Jordan frame
The motivation of this subsection is the same as in the f(R) case, as explained in Section
3.1. We will derive the appropriate GH term in the original action (22) as dictated by the
equivalence with the Jordan frame, by first calculating the Jordan frame one, presenting
the explicit results of the surface parts of the action variation. Some useful variation
formulas and definitions used can be found in Appendix A.
We start from the Jordan frame action (23) and vary each of the Gauss–Bonnet
terms separately with respect to gαβ using relations (A.1)– (A.6). We focus on the f(G)
term, since the GH term for R is given by (9) for f ′(R) = 1. We will again present only
the boundary part of the variation, as well as work in Riemann and Gaussian normal
coordinates [37]. With the aid of integration by parts, and using equation (A.1), we get
δSJ1Σ = −4
∫
Σ
dn−1x
√−hΦRδK, (24)
δSJ2Σ = −4
∫
Σ
dn−1x
√−hΦ
[
2nβRακ∇κ − nλRαβ∇λ − nλhαβRκλ∇κ,
− nαnβnκRκλ∇λ
]
δgαβ, (25)
δSJ3Σ =
∫
Σ
dn−1x
√−hΦ [nλRακλβ∇κ] δgαβ. (26)
The geometric relevance of the above terms becomes evident if we express them in terms
of tensor objects defined on the boundary surface using the Gauss–Codacci equations
[37]. Doing this, and adding up all three terms together, we arrive at
δSJΣ =
∫
Σ
dn−1x
√
−hΦ
[
2
(
2ĜβγδKβγ + 2Kµ
βKµγδKβγ
− 2KKβγδKβγ +K2δK −KαµKαµδK
)]
, (27)
with Ĝβγ the Einstein tensor defined on Σ. Since we require that δgαβ = 0 on Σ (or
δhαβ = 0), it follows that δĜαβ = 0 and δKαβ = δK
αβ = δKαβ on Σ as well. Using those
facts, we can go backwards in (27) and check that it is the variation of the following
quantity
SJΣ =
∫
Σ
dn−1x
√
−hΦ
[
2
(
2ĜαβKαβ + J
)]
, (28)
with J ≡ 2
3
KρκK
κλKλρ−KKκλKκλ + 13K3. The appropriate supplement for the initial
scalar–tensor action is therefore equation (28) with a minus sign instead. The GH term
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for a simple Gauss–Bonnet action (L ∝ √−gG) has been derived under more general
assumptions in a braneworld context in Ref. [38], as well as in Ref. [39] using the
calculus of differential forms.
Now, as in the f(R) case, we can use the equivalence f ′(G) ↔ Φ, to find the GH
term in the original f(G) frame if the equivalence is to hold on the boundary,
SΣ = −
∫
Σ
dn−1x
√
−h f ′(G)
[
2
(
2ĜαβKαβ + J
)]
. (29)
Now, variation of the action requires δgαβ = 0 and δG = 0 on Σ. The latter condition
can yield a problematic variational principle for the same reasons discussed in Section
3.1. Therefore, for R+ f(G) theories as well, true equivalence on the boundary surface
is broken.
5.2. Conformal transformation of the Jordan frame action
We now want to study if the non–minimally coupled, full Jordan frame action (29), can
be decoupled from Φ and written in a G+ scalar field form, similar to the f(R) case,
using a conformal transformation of the metric.
Before we start with the calculations, let us introduce a notation that will make our
equations look shorter. So, only for the rest of this section, we shall define: ni ≡ (n− i)
and ri ≡ 1/ni, where n is the spacetime dimensionality. ni is not to be confused with
the surface normal nα.
We shall begin with the bulk term. Using the transformation formula (A.8) together
with the conformal factor identification
Ω = Φ1/(n−4) ≡ Φr4 , (30)
and omitting the potential which transforms trivially, the action (23) after the
redefinition Φ = exp[φ] becomes∫
M
dnx
√−gΦG 7→
∫
M
dnx
√
−g˜
{
G˜
− 8r4n3
[
φ;˜αβ − r4n5φ,αφ,β
]
R˜αβ − 2r4n3
[
3r4n4φ
,κφ,κ − 2✷˜φ− ae(1−r4n2)φ
]
R˜
+ 4r44n3n2
[
2n5n3 +
nn1
4
− 3ar24n5n1e(1−r4n2)φ
]
(φ,κφ
,κ)2
+ 4r34n5n3n2
[
φ,αφ,β + 2φ;˜αβ
] (
φ,αφ,β
)
+ 4r24n3n2
[
✷˜φ− r4 (2n5 + n1)φ,κφ,κ + 2ar4n1e(1−r4n2)φ
]
✷˜φ
− 4r24n3n2φ;˜αβ φ;˜αβ
}
, (31)
with ✷˜ ≡ ∇˜κ∇˜κ.
Identification (30) breaks down for n = 4, and in fact it is valid only for n ≥ 5. This
means that we are unable to decouple the scalar Φ from the Gauss–Bonnet term unless
n ≥ 5. For n ≥ 5, the GB term is minimally coupled to the scalar Φ = exp[φ], but
there are new couplings between the derivatives of φ, the Ricci tensor and Ricci scalar.
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In this case, action (31), plus the scalar potential term of (23), describes a fourth order,
non minimally coupled scalar–tensor theory.
Let us now turn attention to the conformal transformation of the relevant GH term,
calculated in Appendix B. One can see that the variational principle requires that we
impose apart from δg˜ = 0 and δφ = 0, the extra conditions ∇˜δg˜ = 0 and ∇˜δφ = 0 on Σ.
The R + f(G) action cannot be expressed as a second order, minimally–coupled scalar
tensor one, in contrast with f(R) gravity.
6. Dynamical equivalence of f(G) gravity, part II
The richer structure of the R + f(G) action gives us more options in identifying
generalised velocities, compared to the f(R) one. In this section we want to take
advantage of the latter fact, and re-express the original R + f(G) action as a new one
with not only a new scalar, but with new tensor fields as well, by means of a Legendre
transformation. The new variational principle will be of second order.
Our starting point is the action
S =
∫
M
dnx
√−g [αR + f(G)] . (32)
We proceed with defining our conjugate momenta as
p1 ↔ Ψ ≡ 1√−g
∂L
∂R
= α + 2Rf ′(G), (33)
p2 ↔ g˜αβ ≡ 1√−g
∂L
∂Rαβ
= −8f ′(G)Rαβ, (34)
p3 ↔ σαβγδ ≡ 1√−g
∂L
∂Rαβγδ
= 2f ′(G)Rα
βγδ. (35)
Defining Φ ≡ Φ(G) ≡ f ′(G), the inverse of the above relations read
R =
1
2Φ
(Ψ− α) , (36)
Rαβ = − 1
8Φ
g˜αβ, (37)
Rα
βγδ(Φ, g, g˜, σ) =
1
2Φ
σα
βγδ, (38)
with g˜κκ ≡ gκλg˜κλ and f ′(G) 6= 0. In fact, we will use gαβ to raise and lower indices for
the rest of the section.
For the calculation of the Hamiltonian we will need to express the Gauss–Bonnet
term in terms of the new fields (Ψ, g˜αβ, σα
βγδ). Using the inverse relations (36)-(38) we
get
G ≡ R2 − 4RµνRµν +RµνρσRµνρσ = 1
4Φ2
Γ(Ψ, g˜, σ), (39)
with the function Γ defined as
Γ(Ψ, g˜, σ) ≡ (Ψ− α)2 − g˜
µν g˜µν
4
+ σµ
νρσσµνρσ. (40)
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Furthermore, we assume that we can invert relation (39) + and express the Gauss–
Bonnet term in terms of the function Γ as
G = G−1(Γ) ≡ J(Γ), (41)
so that
f ′(G) = f ′(J(Γ)) ≡ F (Γ). (42)
Using all the above, we can now calculate the Hamiltonian as
H(Γ(Ψ, g˜, σ)) = ΨR(Ψ, g˜, σ) + g˜αβRαβ(Ψ, g˜, σ) + σα
βγδRαβγδ(Ψ, g˜, σ)− (−g)−1/2L(Ψ, g˜, σ)
=
Γ
2F (Γ)
− f (J(Γ)) . (43)
Notice that the fields (Ψ, g˜αβ, σα
βγδ) enter implicitly in the Hamiltonian through the
function Γ.
The Legendre transformed action then reads
S˜[Ψ, g, g˜, σ] =
∫
M
dnx
√−g
[
ΨR(g) + g˜αβRαβ(g) + σα
βγδRαβγδ(g)−H(Γ(Ψ, g˜, σ))
]
. (44)
To get the equations of motion we vary the action S˜ with respect to the four fields
(Ψ, g˜αβ, σα
βγδ, gαβ) to get
δS˜
δΨ
= R(g)− 2H ′ (Ψ− α) = 0, (45)
δS˜
δg˜αβ
= Rαβ(g) +
1
2
H ′g˜αβ = 0, (46)
δS˜
δσαβγδ
= Rαβγδ(g)− 2H ′σαβγδ = 0, (47)
δS˜
δgαβ
= ΨGαβ −∇α∇βΨ+ gαβ∇κ∇κΨ−∇κ∇(αg˜β)κ
+
1
2
∇ρ∇ρg˜αβ + 1
2
gαβ∇κ∇λg˜κλ − 2∇κ∇λσκ(αβ)λ
− 1
2
gαβ
[
g˜κλRκλ(g) + σκ
λµνRκλµν(g)−H(Γ)
]
− 1
2
H ′
[
8σκλµ(ασβ)µλκ − g˜κ(αg˜κβ)
]
= 0, (48)
with Gαβ ≡ Rαβ − 1
2
gαβR, H ′ ≡ H ′(Γ) ≡ ∂H/∂Γ and covariant derivatives ∇α defined
with respect to gαβ.
Variation with respect to gαβ yields surface terms ∝ ∇gαβ. We want to keep only
the fields fixed on Σ and not their derivatives, so we have to add in action (44) the
following GH term
S˜Σ = 2
∫
Σ
dn−1x
√
−h
(
ΨK + g˜αβΓκα[κnβ] + σα
βγδΓαβ[γnδ]
)
, (49)
+ The necessary condition is that [(f ′ (G))
2
G]′ 6= 0, implying that f(G) 6= C1
√
G+ C2.
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with [A,B] ≡ 1
2
(AB − BA).
If we now contract equation (47) with gα
γ and add it to (47) we get the relation
σγαγβ ≡ σαβ = −1
4
g˜αβ. (50)
The latter implies that σαβγδ can be expressed as some combination of gαβ and g˜αβ plus
some traceless part, while the trace of that expression should give (50). To find the
latter expression we can expand the Riemann tensor in terms of he Ricci tensor and
scalar according to
Rαβγδ = Cαβγδ − an
(
gα[δRγ]β + gβ[γRδ]α
)− bnRgα[γgδ]β, (51)
with an ≡ 2n−2 , bn ≡ 2(n−1)(n−2) and Cαβγδ the Weyl tensor which is traceless in all its
indices. After use of equation (46), relation (51) can be expressed as
Rαβγδ = Cαβγδ +
an
2
H ′
(
gα[δg˜γ]β + gβ[γg˜δ]α
)
+
bn
2
H ′g˜gα[γgδ]β, (52)
and plugging the latter into equation (47) to substitute for the Riemann tensor, we get
a relation between σαβγδ, gαβ and g˜αβ
σαβγδ =
1
2H ′
Cαβγδ(g) +
an
4
(
gα[δg˜γ]β + gβ[γg˜δ]α
)
+
bn
4
g˜gα[γgδ]β. (53)
Combining equations (45) and (46) we can find a similar relation for Ψ
Ψ(g, g˜) = α− 1
4
g˜, (54)
with g˜ ≡ gαβ g˜αβ. One would like to be able to solve equation (53) for σαβγδ = σαβγδ(g˜, g).
However, this is not in principle possible unless H ′ = constant (corresponding to the
trivial case of f(G) = G) or Cαβγδ(g) = 0. The latter case includes the case of the FRW
spacetime or maximally symmetric spacetimes like the Minkowski one. In that case, all
fields can be expressed in terms of gαβ and g˜αβ and we can get a solution for the latter
ones by solving the appropriate system of second order differential equations, which we
derive below.
Now, we want to derive a system of evolution equations for the set of fields (gαβ, g˜αβ).
The first equation we will use results from equation (46) after taking its trace once,
together with some simple algebra. To get the second equation, we use relations (53)
and (54) together with the Cαβγδ(g) = 0 ansatz to express the last of the equations of
motion, equation (48), in terms of gαβ and g˜αβ alone. This way we arrive at the new
system of second order equations for the set of fields (gαβ, g˜αβ)
Gαβ = −1
2
H ′
(
g˜αβ − 1
2
gαβ g˜
κ
κ
)
, (55)
(
P̂ κλµν
)(αβ)
∇κ∇λg˜µν −H ′gαβ
[
png˜
κλg˜κλ + qng˜
2 − αg˜ − 2H
H ′
]
−H ′
[
rng˜
κ(αg˜β)κ + sng˜g˜
αβ + 2αg˜αβ
]
= 0, (56)
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with H ≡ H(Γ(g, g˜)) and the operator P̂ ≡ P̂ (g) as well as the constants pn, qn, rn, sn
defined in Appendix C. To arrive at equation (56) we have used the following relations
Γ ≡ Γ(g, g˜) = 1
16
[(
1− 4(n− 3)
(n− 2)2(n− 1)
)
g˜2 − 4
(
n− 3
n− 2
)
g˜µν g˜µν
]
, (57)
and
σαµνρσβµνρ(g, g˜) =
1
8(n− 2)2
[
gαβ g˜ρµg˜ρµ + (n− 4)g˜ραg˜βρ − 2
(
n− 3
n− 1
)
g˜g˜αβ
]
, (58)
as well as σαβγδ(g, g˜) given by (53) with C
α
βγδ(g) = 0.
A look at the first equation of the new system, equation (55), shows that at the
level of the equations of motion we can express the dynamics as GR, minimally–coupled
to an effective energy–momentum tensor (the r.h.s of the equation) described by the
spin two field g˜αβ.
There is one extra constraint the fields satisfy, that is the Bianchi identities. Since
the l.h.s of equation (55) is covariantly conserved, as dictated by the Bianchi identities,
then the r.h.s should be as well,
∇α
[
H ′
(
g˜αβ − 1
2
gαβ g˜
)]
= 0. (59)
The latter equation is a condition the set of fields (gαβ, g˜αβ) have to satisfy, together
with the equations of motion.
We will not seek solutions of the system described by equations (55)-(56) in this
paper, leaving this for a possible future work. However, it is easy to see that Minkowski
space is a solution for (gαβ, g˜αβ) = (ηαβ , 0).
We see that at the classical level of this representation there are two independent
fields, (gαβ, g˜αβ), satisfying a system of second order equations together with a second
order condition, the Bianchi identity. These equations should be classically equivalent
to the original fourth order ones, as g˜αβ is related to the second derivatives of gαβ. It
should be noted that there is no reason to expect complete equivalence of the quantum
equations, as the measure of the path integral in the different representations can
introduce new terms.
7. Conclusions
Legendre transformations are a fundamental tool to study the dynamical equivalence
between different modified gravity actions, with the aim of understanding better the
nature of the theories under study. When working the level of the action, a consistent
analysis should take into account the appropriate Gibbons–Hawking (GH) terms (full
action). Although in a general context there are no natural GH terms for both f(R) and
R + f(G) actions, however one can define them considering the dynamical equivalence
between two different representations of the particular action on the boundary surface,
as it was done in Section 5.1, when we considered the equivalence between the original
action and the Jordan frame one. However, the GH terms found through this procedure
turn out to render the variational principle inconsistent. This is due to the fact that the
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two representations are not equivalent at the quantum level, as pointed out in Section
3.1.
Due to the structural simplicity of the full f(R) action, the Legendre transformation
yields in this case the same result as a conformal transformation of the original action.
On the other hand, the R+ f(G) Jordan (non–minimally coupled) frame action cannot
be re-expressed as a second order theory through a conformal transformation, despite
the fact that the auxiliary scalar decouples from the Gauss–Bonnet term for dim ≥ 5.
The resulting theory is still of fourth–order, as was calculated explicitly for the full
action in Section 5.
However, the more complex structure of the R + f(G) action, allows one to re-
express it, by means of a Legendre transformation, as a second order theory with extra
tensor fields apart from scalars. In the new representation, it turns out that only two
fields are the independent ones, the metric gαβ and the rank two field g˜αβ. At the level
of the equations of motion, we are able to recover GR, sourced by an effective energy–
momentum tensor, which is a function of g˜αβ. Although the two representations are
classically equivalent in vacuum without boundary, at the quantum level they differ, as
integrating out the extra fields generates new terms in the effective action.
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Appendix A. Definitions and formulas
The n–dimensional bulk metric gαβ induces an (n − 1)–dimensional metric hαβ on the
boundary surface Σ as
hαβ = gαβ ± nαnβ , (A.1)
for a spacelike (+) and timelike (−) surface Σ respectively and nα is the normal to the
surface Σ. hαβ can be used as a projection operator from the tangent space to the bulk
M to the tangent space to the boundary Σ at a point P0. Particularly, for its action on
nα it is h
αβnβ = 0.
The extrinsic curvature Kαβ is an (n − 1)–dimensional tensor that measures the
“bending” of Σ in the bulk spacetime M , and is defined as
Kαβ =
1
2
£nhαβ = ∇αξβ = hγα∇γξβ = hαγ∇γnβ, (A.2)
where “£” is the Lie derivative, ξβ a unit tangent to the geodesic congruences orthogonal
to Σ, nβ any other normal to Σ, and ∇a defined with respect to the bulk metric gαβ.
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The following variation formulas are used to calculate the GH terms presented in
Sections 3, 5 and 6. They are evaluated using the special coordinate systems of Gauss
and Riemann normal coordinates respectively [37]. We have
δΓσµν =
1
2
gσρ
(
δgν[ρ,µ] + δgρµ,ν
)
, (A.3)
δRαβγδ = g
ακ
(
δgκ[δ;γ]β − δgβ[γ;δ]κ
)
, (A.4)
δKαβ = −hαγδΓδβγnδ = −
1
2
nδ hα
γ gδρ∇[ρδgβ]γ, (A.5)
δK ≡ δKαα = 1
2
nρhαγ∇ρδgαγ , (A.6)
with [A,B] ≡ 1
2
(AB −BA). The variation of the Ricci tensor and scalar can be found
beginning from (A.4) and calculating the variation of the appropriate contractions, for
example, δRβδ ≡ δ(gγαRαβγδ).
If gαβ 7→ g˜αβ = Ω2gαβ we have [40, 41]
R = Ω2
[
R˜ + 2(n− 1)Ω−1✷˜Ω− n(n− 1)Ω−2g˜αβΩ,αΩ,β
]
, (A.7)
G = Ω4
[
G˜− 4n3Ω−1
(
2R˜αβΩ
;˜αβ − R˜✷˜Ω
)
+ 2n2n3Ω
−2
(
2(✷˜Ω)2 − 2Ω;˜αβΩ;˜αβ − R˜Ω,κΩ,κ
)
− n1n2n3Ω−3
(
4(✷˜Ω)Ω,κΩ
,κ − nΩ−1(Ω,κΩ,κ)2
) ]
, (A.8)
Kαβ = Ω
−1
[
K˜αβ − Ω−1h˜αβΩ,κn˜κ
]
, (A.9)
where in (A.8) we use the convention ni ≡ (n− i), with n the spacetime dimension.
For two different metrics gαβ and g˜αβ , defined on the same manifold M , and not
necessarily conformally related, we have
Rαβγ
δ(g)− R˜αβγδ(g˜) = ∇˜βCδαγ − ∇˜αCδβγ + CκαγCδβκ − CκβγCδακ, (A.10)
Kαβ(h)− K˜αβ(h˜) = 1
2
£nh˜αβ − 1
2
£nhαβ = −hαγCκγβnκ, (A.11)
with Cαβγ ≡ 12gασ(∇˜βgγσ + ∇˜γgβσ − ∇˜σgβγ). Particularly in Section 4, where g˜αβ =
Φgαβ (Ω
2 ≡ Φ), equations (A.10) and (A.11) are used in the form below
R(g) = Φ
[
R˜(g˜)− 1
4
(n− 2)(n− 1)Φ−2∂κΦ∂κΦ+ (n− 1)∇˜κ(Φ−1∂κΦ)
]
, (A.12)
K ≡ hαβKαβ = Φ1/2
[
K˜ − 1
2
(n− 1)n˜κΦ−1∂κΦ
]
, (A.13)
with n˜α = Φ
1/2nα and K˜ ≡ h˜αβ∇˜αn˜β.
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Appendix B. Conformal transformation of the Gauss–Bonnet GH term
Here we will present the conformal transformation of the Gauss–Bonnet GH term, (28).
For the two terms of (28) we get respectively∫
Σ
dn−1x
√
−h J 7→
∫
Σ
dn−1x
√
−h˜ Ω4−n Φ
{
J˜
+ n3Ω
−1
[
K˜2 − K˜αβK˜αβ
]
(Ω,κn˜
κ)− n3n2K˜ Ω−2 (Ω,κn˜κ)2
+
1
3
n3n2n1Ω
−3 (Ω,κn˜
κ)3
}
. (B.1)
∫
Σ
dn−1x
√−h ΦĜαβKαβ 7→
∫
Σ
dn−1x
√
−h˜ Ω4−nΦ
{˜̂
G
αβ
K˜αβ
+ n3Ω
−1
[
1
2
˜̂
R(Ω,κn˜
κ) + K˜αβΩ
;˜αβ − K˜✷˜Ω
]
+ n3Ω
−2
[n2
2
K˜(Ω,κΩ
,κ)− ✷˜Ω(Ω,κn˜κ) + n1✷˜Ω(Ω,κn˜κ)
]
− 1
2
Ω−3n3n2n1 (Ω,κΩ
,κ)2
(
Ω,λn˜
λ
)}
. (B.2)
Adding up terms (B.1) and (B.2) we get the GB GH term in the conformally
transformed frame. However, boundary terms resulting by variation of action (31) with
respect to g˜αβ and Φ, will not be able to cancel with the GH subterms in (B.1) and
(B.2), as was the case in f(R). Consequently, we are left with terms proportional to
first and second order derivatives of both the metric and scalar field on the boundary
surface Σ, which should be held fixed in the initial value formulation, together with gαβ
and φ themselves, in order for the GH term to be zero in the total variation.
Appendix C. Complementary definitions for Section 6
Here we define the operator and the constants used in equation (56). The operator is
defined as(
P̂ κλµν
)(αβ)
≡ (1− an)
[
cng
κ(αgβ)λgµν − cngαβgκλgµν − 4gλ(αδβ)µ δκν + 2gκλδαµδβν
+ 2gαβδκµδ
λ
ν
]
, (C.1)
while the constants an, bn, cn, pn, qn, rn, sn respectively
an ≡ 2
n− 2 , bn ≡
2
(n− 1)(n− 2) , cn ≡
1− 2bn
1− an , (C.2)
pn ≡ an − a
2
n
2bn
(1 + bn), qn ≡ 1
4
[1− an(an − 2bn)], (C.3)
rn ≡ 2[1− a
2
n
4
(n− 4)], sn ≡ 1
2
[2an(an − 2bn)− 1]. (C.4)
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